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1. Introduction 

In this paper S = S 9iP is an orientable connected surface of finite type, of genus 
g > with p > punctures. We assume that S is not a sphere with at most four 
punctures or a torus with at most two punctures. Fixing a complete hyperbolic 
metric of finite area on S we consider the set QL (S) of geodesic laminations on S 
with compact support. As a set of compact subspaces of the metric space S, S£>(S) 
is equipped with the Hausdorff metric which we denote by djj- We denote by Tg 
the topology induced by dn, and we call it the Hausdorff topology. We consider on 
QL(S) a second topology T, referred to as the Thurston topology (see the definition 
in below) and which is weaker than T#. Any homeomorphism h : S —> S 
induces by push- forward a map h* : 3<C(S) —> S£(S) which is a homeomorphism 
with respect to both topologies, Tjj and T. The main result of this paper is the 
following: 

Theorem 1.1. The natural homomorphism from the extended mapping class group 
of S to the group of homeomorphisms o/9'C(S') equipped with the Thurston topology, 
is an isomorphism. 

In particular, if / : QL(S) — > SL(S) is a homeomorphism with respect to the 
topology T, then there is a homeomorphism h : S — > S such that h t = f. 

This shows that the space QL(S) equipped with the Thurston topology is def- 
initely not topologically homogeneous. Furthermore, since its homeomorphism 
group is countable, this space does not contain any open set which is a mani- 
fold of any positive dimension, in contrast with measured lamination space which 
is topologically a sphere. 

The analogous result for the Hausdorff topology is not true but it is conceivabe 
that for every isometry / of the metric space (QL(S),dH), there is a homeomor- 
phism h : S — > S such that h* = f. 

The result is in the spirit of several rigidity results that were obtained by various 
authors in the context of mapping class group actions on different spaces, and it 
is close more specially to the results in [TT], [5] and [5] which concern actions by 
homeomorphisms. We note that although the statements of these and other rigidity 
theorems all look alike, all of them are interesting because each proof displays new 
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features of the space on which the mapping class group acts, in different settings 
(combinatorial, topological, holomorphic, metric, etc.), and the arguments in each 
setting are often different. 

The proof of Theorem 11.11 is given in i|4] It involves the construction from the 
homeomorphism / an automorphism of the complex of curves of S. The main 
technical point is to show that / preserves the set of finite laminations. For the 
passage between properties of laminations and homeomorphisms of $£,(S), the idea 
is to translate inclusions Ai C A2 between geodesic laminations into set-theoretical 
properties between open sets of QL(S). 

We would like to thank Ken'ichi Ohshika who read a preliminary version of this 
paper and corrected several mistakes, and Yi Huang who pointed out a gap in a 
previous version. 

2. Definitions and Preliminaries 

On the surface 5, we fix a complete hyperbolic metric of finite area. A geodesic 
lamination A C S is a compact non-empty subset which is the union of disjoint 
simple geodesies. We say that a geodesic lamination is maximal if it is not a proper 
sublamination of any other geodesic lamination. We say that a geodesic lamination 
is minimal if it does not contain any proper sublamination. Note that this set- 
theoretic definition of a minimal lamination is not the same as the usual definition 
of a minimal laminations, since usually a lamination is said to be minimal if its 
leaves are dense in the support. 

A geodesic lamination which is a finite union of geodesies is called a finite lami- 
nation. Otherwise, it is said to be infinite. 

The following two subsets of S£ (S) will play special roles in the sequel: 

• 3 r 9£(S') is the subset of finite laminations of 3L(S) . An element of 3 r S<£(S') is 
made out of a finite union of disjoint simple closed geodesies {"/i} together with a 
finite number of infinite geodesies, each spiraling from each end around one geodesic 
in H}- 

• QQL(S) is the set of geodesic laminations whose leaves are simple closed 
geodesies. 

Obviously eS£(S*) c ?5L(S). 

For any subset X of S and for any e > 0, we set 

N e (X) ={xeS:3yeX with d(x,y) < s}. 
The following definition is classical: 

Definition 2.1. Let X and X' be two compact subsets of S. The Hausdorff 
distance between X and X' is the quantity 

d H (X,X') = inf-fe > : X C N S (X') and X' C N e {X}. 

It is easy to see that the function du is a distance function on the set of compact 
subsets of S. Such a definition was made by F. Hausdorff for the set of compact 
subsets of W 1 , and it was used by H. Busemann [I] for the set of compact sets of a 
general metric space. 

We shall mostly use the notions N e (X) and dn(X, Y) for elements X, Y C S 
which are geodesic laminations on S. We also denote by dn the restriction of the 
Hausdorff metric to SL(S). 

We also use the following notation: 

For any A 6 QL(S) and for any e > 0, 



V e (A) = {A' 6 5£(S) : N S (A') D A and N e (A) D A'}. 
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The topology induced by dn on the set of subsets of S as well as its restiction 
to S£(S), which we shall denote by 7h, are called the Hausdorff topology. For the 
topology 7h any set V e (A) is open. Moreover, it is easy to see that the collection 
of sets V e (A) for all e > and A 6 QL(S), constitute a basis for 7h- 

We now equip the set 5£(S) with a second topology. 

Definition 2.2. Let V be an open subset of S. Set 

U v = {Ae $L{S) : AnV^0}. 

We let 7 be the topology on S£ (S) with subbasis the sets Uy , where V varies over 
the set of open subsets of S. 

Following the terminology of ((2], Def. 1.4.1.10), we call the topology T on SL(S) 
the Thurston topology. The original reference for the topology T is (Thurston [12], 
Section 8.10), where 7 is referred to as the geometric topology. Clearly the topology 
7 does not satisfy the first axiom of separation. Indeed, take a geodesic lamination 
A that contains a strict sublamination Ai 5 A2; then every open set for 7 containing 
Ai contains A. In particular the topology 7 is not Hausdorff, unlike the topology 
7h, which is induced by a metric. 

Lemma 2.3. T C 7u i.e. the topology 7 is weaker than the topology Tjj. 

Proof. It suffices to prove that for each open subset V of S, Uy G 7jj- For A G Uy, 
we have A n V ^ 0. For any x G A n V, there exists an open ball B(x,e\) in S of 
center x and radius £a such that B(x,e\) C V. We now prove the following: 

(1) A G V £A (A) C Uy. 

First, it is obvious that A G V £A (A). To prove the inclusion V 6A (A) C Uy we note 
that if A' G V £A (A) then A C N SA (A') and hence x G N £A (A'). Therefore we can 
find a point y in A' such that d(x, y) < e\ and hence y G A' n B(x, e\) ^ 0. Since 
B(x,e\) C V, this implies that A' n V ^ 0. Therefore A' G Uy and the inclusion 
V £A (A) G Uy is proven. 

Now from (JTJ we deduce immediately that 

U v = U{V £A (A) : A G 9£(S*) and An 0}. 
Therefore U v e7 H . □ 

The metric space (QL(S), djj) is compact. This is a general result on the Haus- 
dorff metric on the set 23 (X) of compact subsets of a metric space X, and $L(S) 
is a closed subset of 23(5) (cf. [3], Theorem 3.4 for this special case). Therefore 7h 
is a compact topology. Since 7 C 7h, it follows that T is also a compact topology. 

In the next theorem we summarize basic properties of minimal geodesic lami- 
nations and we also give a description of the structure of maximal geodesic lam- 
inations. The properties are all well known from Thurston's theory, and we give 
references for the convenience of the reader. 

Theorem 2.4. (I) (Proposition A. 2.1, p. 142 in [TU]) Let A be an arbitrary geodesic 
lamination of S. Then S — A consists of finitely many components. Let U be such 
a component. The completion C(U) of U with respect to the metric induced by the 
Riemannian metric of S is a complete hyperbolic surface of finite area with geodesic 
boundary. 

(II) (Corollary A.2.4, p. 143 in [TU] or Lemmata 4.2 and 4.3 in (2) Let A be a 

minimal geodesic lamination with infinitely many leaves. Then every leaf of A is 
dense in A. Furthermore, A contains a finite number of leaves which are isolated 
from one side. These leaves appear as boundary geodesies of some C(U), where U 
is a component of S — A; they will be referred to as boundary leaves of A. 
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(III) (Theorem 1.4.2.8, p. 83 in [5]) Let A be an arbitrary geodesic lamination of 
S . Then A consists of the disjoint union of a finite number of minimal sublamina- 
tions of A together with a finite set of additional geodesies each end of which spirals 
onto a minimal lamination. Each of the additional geodesies is isolated, i.e. it is 
contained in an open subset of S which is disjoint from the rest of the lamination. 

In Item (III) above, the fact that an end of a geodesic spirals on a minimal 
sublamination A' of A means that the set of accumulation points of this end on the 
surface is A'. 

The following lemma and proposition will also be used in the next section. 

Lemma 2.5. Let A be an infinite minimal geodesic lamination of S. Then A has 
at least two boundary leaves. 

Proof. The lift of A to the universal cover of 5 is a geodesic lamination A of the 
hyperbolic plane. Each component of the complement of A is an ideal polygon. The 
images in 5 of two boundary leaves of such a polygon give the desired boundary 
leaves of A. □ 

Proposition 2.6 (see [2], I 4.2.14 p. 81). The finite laminations are dense in 
the space of geodesic lamnitations equipped with the Hausdorff topology. Hence the 
same holds for the Thurston topology. 

3. On the action of a homeomorphism of S<£(5) 

We denote by 0(5) the set of open subsets of 5 and we fix an element A of 
QL(S). We consider the sets 

0a(5) = {V G 0(5) : VnA^0}cO(5) 

and 

U(A) = n Ve0A(s) U v c S£(5). 

We have the following. 

Lemma 3.1. Let Ai,A 2 G S£(5). Then Ai C A 2 if and only if A 2 G U(Ai). 

Proof. Assume that Ai C A 2 . For any V G 0ai(5), we consider the set Uy. Then 
A 2 n V ^ 0, hence A 2 G U v . Therefore A 2 G U(Ai). 

Conversely, assume A 2 G U(Ai). If Ai is not a subset of A 2 , then there exists 
x G Ai with x ^ A 2 . Since A 2 is a compact subset of 5, there exists e > such that 
the open ball B(x,e) does not intersect A 2 . This implies that A 2 ^ 11b{x,s)- This is 
a contradiction since A 2 G U(Ai). Hence Ai C A 2 . □ 

Lemma 3.2. Let Ai, A 2 G 3£(5). Then Ai C A 2 if and only ifU(A 2 ) C U(Ai). 

Proof. First assume that Ai C A 2 and let A' G U(A 2 ). Then A' n V ^ for each 
V G 0(5) with VnA 2 0. Therefore A'n V ^ for each V G 0(5) with VnAi / 0. 
Therefore A' G IX(Ai). 

Now assume that U(A 2 ) c lt(Ai). Obviously, A 2 G lt(A 2 ) and hence A 2 G U(Ai). 
From Lemma T3. 11 this implies that Ai C A 2 . □ 

Lemma 3.3. Assume that f is a homeomorphism of 3<£(5) with respect to the 
Thurston topology. Lf A G 3£(5), then f (11(A)) = U(f(A)). 

Proof. It suffices to show that 

U(/(A)) c /(lt(A)) VA G S£(S). 

Indeed, this implies 

u(.r i (A))c.r l (u(A)), 
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which implies 

/(U(/- 1 (A))clC(A), 

which implies 

/(U(Ao) C U(/(A ), 
where A = / _1 (A). Thus, we get /(U(A ) C U(/(A ) for any A in S£(5). 
To prove the assertion, we start by 

/(U(A)) = /(n{u A : v e Oa(S)}) = n{f(u v ) v g o A (S)}. 

Now let Vo be an arbitrary element of Oa(S'). Then, A is in Uv" and /(A) is in 
/(Uy ). But f(Uv a ) G 7 (that is, f{Uy ) is an open set of Thurston's topology). 
Therefore, there exist Vi,...,V n G Of^(S) such that 

ni<i< n u^ c /CUvb). 

Therefore, we have 

n{lXy :^eO /C A)(5)}c/(Uv ), 
which implies that for every Vo G 0a(5'), we have 

U(/(A)) c /(Uv ). 

Finally, we obtain 

lt(/(A)) c n{/(U y ) : V e A (5)} 

which implies U(/(A)) C /(U(A)). □ 

From the above lemmata, we obtain the following: 

Corollary 3.4. .Assume that f is a homeomorphism of QL(S) with respect to the 
Thurston topology and let Ai,A2 G SL(S). Then Ai C A2 implies that /(Ai) C 
/(A 2 ). 

Proof. From Lemma 13.21 the inclusion Ai C A2 implies that U(A2) C IX(Ai). 
Since / is a bijcction, we have /(U(A2)) C /(U(Ai)). From Lemma 13.31 we get 
U(/(A 2 )) C U(/(Ai)) which implies again, by Lemma ET21 that /(Ai) C /(A 2 ). □ 

Lemma 3.5. Let f be a homeomorphism of SL(S) with respect to the Thurston 
topology. Then f sends a maximal (respectively minimal) geodesic lamination of S 
to a maximal (respectively minimal) geodesic lamination of S. 

Proof. Let A be a maximal geodesic lamination of S. If /(A) is not maximal then 
there is a maximal geodesic lamination O such that /(A) C Q. Let A' = 
Then, by Corollary 13.41 we have A ^ A' which contradicts the maximality of A. 

Likewise, let A be a minimal geodesic lamination of S. If /(A) is not minimal, 
then there exists a lamination O such that G 5 /(A). Let A' = Then, 
from Corollary [33] again, we have A' C A, which contradicts the minimality of A. 

□ 

From Theorem [231 (111), every A G $L(S) has a finite number of sublaminations. 
Thus, we give the following definition. 

Definition 3.6. Let A G $L(S). A chain of sublaminations of A is a finite sequence 
(Ai), i = 0, 1, ..,n of sublaminations of A such that ^ A n C A n _i S ... 5 Ai S 
Ao = A. We denote such a chain by Ca. The integer n will be called the length of 
Ca and will be denoted by /(Ca)- 

A chain of sublaminations Ca will be called maximal if its length is maximal 
among all chains of sublaminations of A. 

The length of a maximal chain of sublaminations Ca of A depends only on A. 
Therefore the number Z(Ca) wm be referred to as the length of A and will be denoted 
by length(A). 
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Lemma 3.7. Let f be a homeomorphism of S£>(S) with respect to the Thurston 
topology and let A„ Q A„_i S ... g Ai g Ao = A be a maximal chain of sub- 
laminations of A. Then /(A„) g /(A„_i) g ... g /(Ai) g /(A ) = /(A) is a 
maximal chain of sublaminations of /(A) and length(Afc) = length(/(Afc)) for each 
k = 0,l,..,n. 

Proof. The proof follows immediately from Corollary 13.41 □ 

We call a generalized pair of pants a hyperbolic surface which is homeomorphic 
to a sphere with three holes, a hole being either a geodesic boundary component 
or a cusp. 

Now we can prove the following proposition. 

Proposition 3.8. Let f be a homeomorphism ofQL(S) with respect to the Thurston 
topology. Then, 

(1) f sends any maximal finite lamination which contains a collection of curves 
that decompose S into generalized pair of pants to a maximal finite lamina- 
tion that has the same property. 

(2) f sends any laminations whose leaves are all closed to a lamination having 
the same property. Furthermore if such a lamination A has k components 
then /(A) has also k components. 

(3) f sends finite laminations to finite laminations. 

Proof. §\§ Let A be a maximal geodesic lamination. From Theorem 12.41 S — A 
consists of finitely many open components. 

Claim 1: Let U be a component of S — A. Then, the completion C(U) of U is 
a hyperbolic surface which is isometric either to a hyperbolic ideal triangle or to a 
surface of genus with a cusp and an open geodesic as boundary. The latter will be 
referred to as a cusped hyperbolic monogon ; it is obtained from a hyperbolic ideal 
triangle by gluing together two sides of this ideal triangle. 

Proof of Claim 1. The surface C(U) is a complete hyperbolic surface of finite area. 
Therefore C(U) has finitely many boundary components which are either closed 
geodesies or open geodesies. We may easily verify that if C(U) is not of the type 
described in the claim then the lamination A would not be maximal because we 
could add open geodesies k to A and construct a lamination A' g> A. This proves 
Claim 1. 

Now let Ai, A„ be the leaves of A which are boundary geodesies of the com- 
pletion C{U) of some component U of S — A. The leaves Aj can be of two types: 

(i) an open geodesic of S which is an isolated leaf of A; 

(ii) an open geodesic of S which is a leaf isolated from one side in A. 

A geodesic of type (ii) appears as a boundary leaf of a minimal infinite sub- 
lamination of A. Among the {A^}, we may assume, without loss of generality, that 
Ai, Afc are the isolated leaves of A, for < k < n. From Theorem 12.41 it follows 
that if A is a finite maximal geodesic lamination then k = n and that if A is a 
maximal infinite geodesic lamination which is also minimal then k = 0. 

To the leaves Ai, A„ of A we add the leaves c±, c m of A which are simple 
closed geodesies, if there exist any. Let A\ = {Ai, .., A„, c\, .., c m }. 

We define a generating set for a geodesic lamination A to be a set A = {fix, ■ . ■ , Hk} 
of leaves of A such that the union of the closures of the leaves that belong to A is 
the lamination A. It follows from Theorem 12.41 that every geodesic lamination on 
S has a finite generating set. 

Our terminology is motivated by Claim 2 that follows now. 

Claim 2: The set A\ = {Ai, .., A„, c\, .., c m } is a generating set for A and any 
proper sublamination of A is the union of closures of leaves that belong to some 
proper subset of A\. 
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Proof of Claim 2. The claim follows immediately from the definition of A and from 
Theorem H3] (III). 

It is well-known and easy to see, using an Euler characteristic count, that the 
maximum number of pairwise disjoint simple closed geodesies in S is equal to 2>g — 
3 + 6 and that these geodesies cut S into 2g — 2 + 6 hyperbolic generalized pairs of 
pants. It is also easy to see that the maximum number of open geodesies U of S 
which decompose S into hyperbolic ideal triangles is equal to 6g — 6 + 36. 

Claim 3: If A is a maximal finite geodesic lamination that contains a generalized 
pair of pants decomposition P then a maximal chain of sublaminations of A has 
length 9g — 9 + 36. 

Proof of Claim 3. The lamination A contains 3g — 3 + 6 simple closed geodesies, 
say ci, .., C3 9 _3 + h, which cut S into generalized pairs of pants, and additional open 
isolated geodesies, say Ai, A r , such that each A, spirals about some Cj. We may 
add to A, open geodesies X' k , which from one direction abut to a cusp and from the 
other direction spiral about some cj , such that all the geodesies Ai and A^ decompose 
S into hyperbolic ideal triangles. Since the total number of Ai and A^ is equal to 
6<7 — 6 + 36 we deduce that the number r of Ai is equal to 6g — 6 + 26. Therefore the 
set Aa = {Ai, .., A6 9 -6+2h, ci, .., C3 ff _3+b} is a generating set of A. From Claim 2, a 
chain of sublaminations A„ C A„_i ^ ... ^ Ai ^ Ao = A is maximal if and only if 
for each k = 1, ..,n, A& — A^_i is a single leaf belonging to A\. Such a sequence Ai 
can be constructed as follows: From Ao = A we first remove, one by one, all leaves 
Ai; after removing all these leaves we continue removing, one by one, all leaves Cj. 
Obviously n = 9g — 9 + 36. 

Claim 4-' Let A be a maximal finite geodesic lamination which does not contain a 

generalized pants decomposition. Then length(A) < 9g — 9 + 36. 

Proof of Claim 4- Since A does not contain a generalized pants decomposition it 

follows that if ci, . . . , Cfc are the closed geodesies in A, then k is strictly smaller than 

3<7 — 3 + 6. Now as in the proof of Claim 3, we may prove that A contains additional 

open geodesies Ai, . . . , Ag g -6+26 which spiral about the Cj's. Obviously, a maximal 

chain 6 a of sublaminations of A has length less than 9g — 9 + 36. 

Claim 5: Let A be a maximal infinite geodesic lamination. Then length(A) < 

9g - 9 + 36. 

Consider a maximal chain of sublaminations of A, say A^ C Afc_i C ... C ^ C 
Ao = A. Let A\ = {Ai, .., A n , c\, .., c m } be a generating set of A, where each Ai is an 
open geodesic and each is a closed geodesic, and we assume that the generating 
set Aa is minimal in the sense that no proper subset of Aa is a generating set of 
A. 

First, we prove that m < 3g— 3+6. We know that m < 3<7 — 3 + fo. If m = 3g— 3+6 
then the closed geodesies cut S into generalized pairs of pants. This implies that 
a minimal sublamination, say A', of A with infinitely may leaves must be in the 
interior of a generalized pair of pants. But it is easy to see that such a sublamination 
A' does not exist. Therefore m < 3g — 3 + 6. 

Second, we prove that n < 6g — 6 + 26. By Theorem 12.41 the leaves Ai, .., A„ 
are either isolated open leaves or boundary leaves. Since A is maximal, for each 
component U of S — A the completion C(U) is either a hyperbolic ideal triangle 
or a cusped hyperbolic monogon. The area of every such surface is equal to n, 
therefore, from the Gauss-Bonnet theorem the number of components U is equal 
to 4<7 — 4 + 26. Now, each hyperbolic ideal triangle has three sides and each cusped 
hyperbolic monogon has one side. On the other hand the number of cusped hy- 
perbolic monogons is equal to 6. Therefore the total number of sides of C(U) is 
3(4g - 4 + 26) - 26 = 12g — 12 + 46. Now if a leaf A l is isolated it belongs exactly 
to two components C(U). If a leaf Ai is not isolated then it belongs to a minimal 
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sublamination of A, say Ki. From Lemma 12.51 Ki contains at least two boundary 
leaves and we take A; to be one of them. Therefore, among all the sides of the 
given C(U), at least two of them are boundary leaves of Ki. This implies that 
n < 12 9"i 2 + — Qg _ g _|_ 2b. Assume that Ai, A r € A\, < r < n are isolated 
leaves and A r +i, A n <E A\ arc isolated from one side. Every A s with s > r belongs 
to a unique minimal infinite sublamination A^ of A. 

Now the maximal chain of sublaminations A& S Afe_i C ... C A x C Ao = A of 
A is constructed as follows: We pass from Ai_i to Aj by removing all the isolated 
open geodesies A^ G ^4a with i < r, then every minimal infinite sublamination AJ 
of A and every closed geodesic Cj £ Aa- Obviously the length of A is less than 
9 g — 9 + 36. This finishes the proof of Claim 5. 

Now, from Lemma 13.71 the homcomorphism / preserves the length of a maximal 
lamination A and this finishes the proof of ([1]). 

Now we prove @. First, we claim that if K is a geodesic lamination consisting 
of k closed geodesies then f(K) is a finite lamination. To prove this, we consider 
a maximal finite geodesic lamination A containing a generalized pair of pants de- 
composition P with K C P. By ((T|), /(A) is a maximal finite lamination and thus 
our claim follows. From this claim and Lemma 13.71 it follows that if K\ = {c} is a 
geodesic lamination consisting of a single closed geodesic then the image of K\ by 
/ consists of a single closed geodesic. 

Now we have proved Statement @ for n = 1 and we proceed by induction. We 
assume that the statement is true for all n < k and we prove it for n = k + 1. 

Assume that K consists of k + 1 closed geodesies. If our statement were not true 
for n = k + 1, then from our inductive assumption and Lemma 13.71 f(K) would 
consist of k closed geodesies, say c%,--- , plus one open geodesic. Then, any 
sublamination of K consisting of k geodesies would be sent to {ci, ■ ■ • , Cfe}. But 
this is impossible since / is a homcomorphism. This completes the induction and 
the proof of ©. 

Now we prove ([3]). Let A" be a finite lamination. Obviously, a minimal sublam- 
ination of K consists of a single closed geodesic. Assume that f(K) is not finite. 
Then there is an infinite minimal sublamination Ao of f(K). From Lemma 13.51 Ao 
is the image of a minimal sublamination Kq of K, via /, i.e. f(Ko) = Aq. But from 
([2]), f(Ko) consists of a single closed geodesic. Therefore we have a contradiction, 
which proves (j3J). □ 



4. Proof of Theorem 11.11 

We first prove that if / : 5L(S) —> SL(S) is a homeomorphism with respect to 
the topology T, then there is a homeomorphism h : S — ^ S such that ft.* = /. 
We need the following lemma. 

Lemma 4.1. Assume that (A„) is a sequence of laminations that converges to 
a lamination A with respect to the Hausdorff topology. Assume also that (A„) 
converges to A' with respect to the Thurston topology. Then A' C A. 

Proof. If A' is not contained in A then there exists a point x £ A' — A. Therefore 
there exists an open ball B(x, 2e) in S of center x and radius 2e such that B(x, 2e) n 
A = 0. We also have A' e U_b(x,e)- 

Now, since A„ — > A with respect to the Hausdorff topology we deduce that there 
is n £ N such that the following holds: 



(2) 



A„ n B(x,e) = Vn > n . 
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On the other hand, A„ — > A' with respect to the Thurston topology. This implies 
that there exists n\ € N such that A„ <E Ug( Ii£ ) for n > n\ and hence A n P\B(x, e) ^ 
for n > ri\. This gives a contradiction to the relation @ which implies that 
A' c A. □ 



Now note that there is a natural identification between the subset CQL(S) and 
the complex of curves G(S) of S. Therefore, from Proposition 13 . 81 / induces an 
automorphism on 6(5). From [3], [5] and [5] and under the hypothesis of Theorem 
11.11 we obtain a homeomorphism h : S — > S such that h* — f on GQL(S). 

We now prove that h* = / on JSL^S). Composing / with (/i*) -1 , if necessary, 
it suffices to assume that / = id on QQ£(S) and prove that / = id on JQL(S). To 
do it, we first prove two lemmas: 

Lemma 4.2. Let A = {7,71,72} be a geodesic lamination consisting of two disjoint 
simple closed geodesies 71 , 72 and one open geodesic 7 spiraling in one direction 
about 71 and in the other direction about 72. Then /(A) = A. 

Proof. We take a generalized pair of pants decomposition P and a maximal finite 
geodesic lamination Ap such that 

(1) Ac A P ; 

(2) for each component R of S — P and every pair Ai 7^ A2 of boundary geodesies 
of R there is a leaf A of Ap contained in R which spirals in one direction about Ai 
and in the other direction about A2; 

(3) for every component 7 of P, the leaves of Ap spiraling about 7 from different 
sides of 7 induce opposite orientations on 7. 

Such a lamination Ap can be approximated in the Hausdorff topology and hence 
in the Thurston topology by a sequence C n of simple closed geodesies, where the C n 
are viewed as elements of CS£(<5). This implies that /(Ap) = Ap. Indeed, C„ — ^ Ap 
with respect to the Hausdorff topology and hence with respect to the Thurston 
topology. Therefore f(C n ) — > /(Ap) with respect to the Thurston topology. This 
implies, since / is the identity on CQL(S), that C„ — > /(Ap) with respect to the 
Thurston topology. From Lemma H7T1 we deduce that /(Ap) C Ap. But from 
Lemma l3~Tl the laminations Ap and /(Ap) have the same length. Therefore /(Ap) 
cannot have a smaller number of leaves than Ap. Therefore /(Ap) = Ap. 

Let us set now /(A) = A'. From Proposition 13.81 and Corollary 13.41 we deduce 
that A' = {7', 71, 72} where 7' spirals about 71 and about 72. We shall prove that 
7' = 7. 

We can find a surface Q C S with geodesic boundary containing the lamination 
A and which is the closure of a component of 5 — P such that Q is one of the 
following types: 

(i) a torus with one boundary component, with dQ = 71 or dQ = 72; 

(ii) a pair of pants with no cusps, with 71 U 72 C dQ; 

(iii) a generalized pair of pants with a single cusp with dQ = 71 U 72 . 

First we show that 7' C Q. Let P 1 = P U {7} C Ap. Then, it is not hard to 
show, using Corollary 13.41 and Proposition 13.81 that f(Py) = P U 7'. Therefore 
P n {7'} = 0. This implies that if 7' is not contained in Q then it is contained 
in some generalized pair of pants Q 1 with 71,72 G dQ' and Int(Q) n Int(Q') = 0. 
Thus, we may find a simple closed geodesic 70 of S which intersects only one of the 
geodesies 7, 7' and 70 Hji = for i = 1, 2. To prove the last statement we need the 
assumption on the topological type of S that we made in the introduction. Assume 
without loss of generality that 7 n 70 = and 7' n 70 ^ 0- From Corollary 13.41 the 
lamination Ai = {7,71,72,70} is sent to a lamination A^ which should contain the 
geodesies 7', 71, 72, 7o- But this is impossible since 7' PI 70 ^ and hence Q 1 = Q. 
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Now in the cases (ii) and (iii) above there is a unique leaf of Ap contained in 
Q, that spirals about 71 and 72, namely the leaf 7. This implies that 7' = 7 since 
/(A) = A' c Ap = /(Ap) and 7' c Q. 

Consider now the case (i) and without loss of generality we assume that dQ = 72 . 
In this case, the lamination Ap which contains A and which satisfies the require- 
ments (l)-(3) above, satisfies Ap PI Q = {71, 72, 7, Si, S2}, where 7 is a geodesic 
spiraling about 71 in both directions but from different sides of 71 and Si, 82 are 
spiraling about 71 and 72. Denote by Aq the lamination Ap n Q. 

Also, if 7 is an open simple geodesic of S, we denote by 7 the closure of 7 in S. 
Obviously 7 is a geodesic lamination and consists of 7 and two or one additional 
simple closed geodesies on which 7 is spiraling about. We note that we can talk 
about /({t~}) and not about /({7}) since 7 is a lamination but 7 is not. 

Claim 1: /(Aq) = Aq and f({j}) = {7}. 
Proof of Claim 1. Since /(Ap) = Ap and / is the identity on QQL{S) we deduce 
that /(Aq) = Aq. On the other hand /({7D = {7} since 7 is the unique leaf of 
Aq spiraling about 71 in its both directions. 

Let now /3i be a simple open geodesic in Q spiraling in both directions about 71 
from the same side of 71 and such that f3\ R 5\ = 0. 

Claim 2: f({Jh}) = {Wi}- _ _ 

Proof of Claim 2. Since /({7}) = {7}, it is easy to prove that either /({/?i}) = {/3i} 
or /({/3i}) = {P2}, where P2 is the unique geodesic in Q spiraling about 71 in both 
directions and from the same side of 71 and such that j3 2 H 7 = 0. Now, we may 
find an open geodesic a, as well as, a closed geodesic 7^, such that: 

7inQ = 0; 

a is spiraling about 71 and 7J ; 

a n /3i = but a n /3 2 ^ 0. 
From (ii) we have that f({a}) = {a} and therefore we deduce that /({/?i}) = {Pi} 
and Claim 2 is proved. 

We are now able to prove that f({Si}) = {Si}, i = 1,2. Indeed, considering the 
lamination Aq it is clear from Claim 1, that /({71, 72, Si, S 2 }) = {71, 72, Si, $2}- Now 
we consider the lamination A = {71, 72, Pi, S\}. Since /(A ) C Q, f{{fii}) = {Pi} 
and /3i (~l 5 2 ^ wc deduce easily that /({<5i}) = {<5i} and this completes the proof 
of Lemma 14.21 □ 

Lemma 4.3. Let A = {7,71} be the geodesic lamination consisting of one simple 
closed geodesic 71 and one open geodesic 7 spiraling in both directions about 71. 
Then /(A) = A. 

Proof. First we find a surface Q C S with geodesic boundary containing 7 and 71 
such that Q is one of the following surfaces: 

(i) a torus with one boundary component such that 71 is not the boundary of Q; 

(ii) a torus with one boundary component such that 71 = dQ; 

(iii) a generalized pair of pants with cusps such that 71 C dQ. 
In Case (i) we distinguish the following three subcases: 

(i a ) 7 spirals in both directions about 71 from different sides of 71 and induces 
opposite orientation on 71 from each side; 

(ib) 7 spirals in both directions about 71 from the same side of 71; 

(i c ) 7 spirals in both directions about 71 from different sides of 71 and induces 
the same orientation on 71 from each side. 

Then, as in the proof of Lemma I4T21 we prove that 7 C Q. 

Assume that /(A) = A'. From Proposition ^. 81 and Corollarv l3.41 we deduce that 
A' = {7', 71}, where 7' spirals in both directions about 71. 
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In Case (iii) we proceed as in Lemma 14.21 More precisely, we consider a lamina- 
tion Ap which satisfies the requirements (l)-(3) of Lemma 14.21 and can check that 
there is a unique leaf of Ap contained in Q, namely the leaf 7, which spirals about 
71. As in Lemma T4. 2 1 this implies that 7' = 7. Therefore, A = A'. 

In Case (ii) we consider a simple closed geodesic 72 in Q such that 72 n 7 = 0. We 
also consider a simple open geodesic S in Q spiraling about 71 in one direction and 
about 72 in the other direction and such that {71, 72, 7, 6} is a geodesic lamination. 
Then, from Lemma l4~2l we have that /({£}) = {6} which implies that /({t~}) = {7}. 

Cases (i a ) and (i;,) have been studied respectively in Claims 1 and 2 above. In 
each case we proved that /({t~}) = {7}- 

In Case (i c ) we consider the lamination {71, 72, 7, <5i, ^2}, where 5i and 62 are 
geodesies in Q spiraling both in one direction about 71 and in the other direction 
about 72 = dQ. Now, it is easy to see that /({t~}) is a lamination consisting of 
71 and one open leaf spiraling in both directions about 71. On the other hand, 
from Lemma 14.21 we have that f({Si}) = {Si}, i = 1,2. Hence we deduce that 
/({t}) = {7} an d the lemma is proved. □ 

Now we can prove that / = id on 9 r 9£(S'). Indeed, consider K e J'QL(S) such 
that f(K) = K' 7^ K. Then, without loss of generality, we may assume that 
there is a leaf 7 of K such that 7 is not a leaf of K' . First we remark that 7 
cannot be a closed geodesic since, if 7 is closed, /({7D = {7} and by Corollary 
13.41 f({7}) = {7} C f{K). Let 7 be an open geodesic and assume that 7 spirals 
about two disjoint closed geodesies 71, 72. Consider the lamination {7,71,72}- By 
Lemma|4~2j /({7, 7i, 72}) = {7,71,72} and hence {7,71,72} C f{K) by Corollary 
13.41 Therefore 7 is a leaf of f(K), a contradiction which implies that f(K) = K. 
(The case where 7 spirals about a single closed geodesies 71 in both directions is 
treated similarly using Lemma 14.31 ) 

Finally we will show that f = id on $L(S). Let A S QL(S). Then from Propo- 
sition 12.61 such a lamination A can be approximated in the Hausdorff topology and 
hence in the Thurston topology by a sequence F n of finite laminations. This im- 
plies that /(A) = A. Indeed, F n — > A with respect to the Hausdorff and hence 
with respect to the Thurston topology. Therefore f(F n ) = F n —> /(A) with respect 
to the Thurston topology. From Lemma 14.11 we deduce that /(A) C A. Both A 
and /(A) are infinite laminations. Therefore, from Theorem 12.41 (III). A and /(A) 
consist of the disjoint union of a finite number of infinite minimal sublaminations 
with a finite set of isolated, open geodesies each end of which spiral onto a minimal 
sublamination. Now, if /(A) 7^ A then /(A) must consist either of a smaller num- 
ber of minimal sublamination of A or/and of a smaller number of isolated, open 
geodesies. This implies that length (/(A)) < lcngth(A) which contradicts Lemma 
I3~7l Therefore /(A) = A. 

This proves that any homeomorphism / : SL(S) — > 9£(S) with respect to the 
topology T is induced by a a homeomorphism h : S — > S. 

Thus, the natural homomorphism from the extended mapping class group T*(S) 
of S to the group of homeomorphisms of the space 9<C(S'), equipped with the 
Thurston topology, is an isomorphism. To complete the proof of Theorem 11.11 we 
need to show that if two elements of r*(S') have the same action on QL(S), then 
they are equal. Under the hypothesis of the theorem, and if we furthermore exclude 
the case of a closed surface of genus 2, this result follows from the fact that the 
homomorphism from T*(S) to the automorphism group of the complex of curves 
C(S) of S is injective (see [4]). It remains to consider the case where S is a closed 
surface of genus 2. 

Thus, we now assume that S is a closed surface of genus 2. It is known that 
in this case if g is an element of r*(S r ) that induces the identity map on C(S), 
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then g is cither the identity element or a hyperelliptic involution. It remains to 
show that a hyperelliptic involution does not induce the identity on 9£(5). To see 
this, let i denote the hyperelliptic involution. We note that there is a pair of pants 
decomposition P of S that is invariant by i. By using various ways in which an 
infinite geodesic in a pair of pants spirals along the boundary components, we can 
complete the three curves in P into a maximal geodesic lamination A whose image 
by l is a lamination that is different from A. This shows that i docs not induce the 
identity map on 9<C (S) . This completes the proof of Theorem 11.11 
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